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Modeling of Split Traffic Under Probabilistic Routing
Huei-Wen Ferng, Member, IEEE

Abstract—Using a general input traffic class rather than con-
fining it to a specific input traffic model, this letter investigates the
split traffic for such a general input traffic class under a proba-
bilistic routing algorithm. Thus the obtained result is applicable
for a broad range of input traffic. By way of characterizing the split
traffic on each routing path, it is shown that the resultant traffic on
each routing path is still the same traffic class with suitable param-
eter modification.

Index Terms—Modeling, probabilistic, routing, traffic.

I. INTRODUCTION

I N THE PAST, Poisson processes were frequently employed
as input traffic models, especially, models for voice calls

in the traditional public-switched telephone network (PSTN).
Much success has been gained by applications of Poisson
processes in this regard. For example, the well-known Erlang
B formula [2] to calculate the call blocking probability for
PSTN is derived based on the Poisson input process. Due to
simplicity and some nice properties, Poisson processes became
the most popular candidate to model input traffic in the past lit-
erature. These properties include: 1) merging different Poisson
processes resulting in another Poisson process and 2) the split
traffic of a Poisson process under a probabilistic routing algo-
rithm remaining again a Poisson process. The above-mentioned
properties facilitate traffic modeling and performance analysis
in networks.

However, diverse characteristics, e.g., burstiness, have been
exhibited by traffic of contemporary networks, e.g., Internet and
asynchronous transfer mode (ATM) network, which can support
multimedia services, e.g., voice, video, image, and data, as net-
works evolve. The diverse characteristics go beyond the appli-
cation scope of Poisson processes and researchers then have to
promote Poisson processes to more complicated processes, for
example, Markov-modulated Poisson process (MMPP) which
is a special case of a later proposed batch Markovian arrival
process (BMAP) [7] and Markov-modulated Bernoulli process
(MMBP), a special case of the discrete-time BMAP (D-BMAP)
[3], etc. For these more sophisticated models, one may wonder
whether any good property exists like those for Poisson pro-
cesses. In [7], Lucantoni has demonstrated that the aggregation
of independent BMAPs is again a BMAP. A similar work has
been done by Blondia in [3] for D-BMAPs. As for the modeling
of split traffic, Ferng and Peng [6] have studied this issue for the
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MMPP input traffic under a probabilistic routing algorithm and
concluded that the split traffic is also an MMPP. This naturally
stimulates one to further extend the corresponding results when
more sophisticated models are employed. This issue is now ap-
proached in this letter. Instead of directly enhancing results for
a specific traffic model, e.g., BMAP and D-BMAP, more gen-
eral results are investigated for a more general input traffic class
capable of including BMAP and D-BMAP as its special cases
in this letter. Through characterizing the split traffic on each
routing path, we show that the resultant traffic is again the same
traffic class by adjusting traffic parameters.

The rest of the letter is organized as follows. Section II de-
scribes the general traffic class and probabilistic routing algo-
rithm. In Section III, the split traffic for general input under a
probabilistic routing algorithm is studied. Finally, Section IV
concludes the letter.

II. A GENERAL TRAFFIC CLASS AND THE PROBABILISTIC

ROUTING ALGORITHM

A. The Traffic Class

To get more general results to have broader scope of applica-
tions, we employ a general input traffic class which can cover
either continuous-time models or discrete-time models in this
letter. For simplicity, the same time index is to be used for both
continuous-time and discrete-time models. If a discrete-time
model is assumed, will be an integer to represent the index
of time slots of fixed time interval. Before describing the traffic
model, let us first define and as the probability
density function of the counting process, i.e., the probability that
there are customers/packets generated during time interval

(or time slots between the first slot and th slot for the
discrete-time input traffic) and the -transform of , i.e.,

, respectively. We note that
(and ) can be a scalar or a matrix for which multiple
states are allowed to exist. Using the notation defined above, the
employed traffic class is required to have the following form/re-
lation of -transform for the probability density function re-
garding the counting process:

(1)

where is the resultant function of -transform and
with representing some specific parameter of the

input traffic. The above relation means that should be
a function of .

The above-defined traffic class includes various traffic
models, such as, BMAP, D-BMAP as well as their special
cases, e.g., MAP, D-MAP, MMPP, MMBP, and Poisson etc.
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Fig. 1. A scenario of routing a packet at a switch.

For the BMAP (D-BMAP), , , represent rate
(probability) matrices , , pertinent to the rate
(probability) of -batch arrivals, i.e., , .
Since the -transforms of BMAP and D-BMAP have
the following forms [3], [7]:

for BMAP,
for D-BMAP

(2)

which follow the relation given by (1), BMAP and D-BMAP
evidently fall within the scope of the proposed traffic class.

B. Probabilistic Routing Algorithm

Probabilistic routing algorithms may be employed to achieve
load sharing in a packet-switched network [1] when a packet
is passing through a network element, e.g., a router or a switch
because of its simplicity. Imagining an switch and focusing
on one specific input port (see Fig. 1), a packet is then routed to
output port randomly according to a probability

if the probabilistic routing algorithm is employed.

III. SPLIT TRAFFIC UNDER A PROBABILISTIC ROUTING

ALGORITHM WITH A GENERAL INPUT TRAFFIC CLASS

In the following, let us characterize the split traffic and ex-
amine properties exhibited by the split traffic.

Theorem 1: Routing input packets modeled by the traffic
class described in the previous section with

to a random path chosen from possible routing
paths with probabilities ,
then traffic streams on routing path , ,
are still the same type as the input traffic with

, where and
, .

Proof: Let us first define and to be the
random variable representing the number of packets during
time period on routing path and the random variable
standing for the state of the packet stream at time instant on
routing path , respectively. Now we relate the probability of
counting process on routing path , i.e., to that of
the original input traffic, i.e., through

(3)

which holds due to the probabilistic routing. Figuring out the
probability generating function of leads to the fol-
lowing compact expression:

The function in the above equation can be
rearranged as follows:

where and

(4)

Hence, we can rewrite as

(5)

The above equation accounts for that the traffic stream on
routing path preserves the structure of the original input
traffic via transforming to . This completes the
theorem.

The above theorem is general since the input covers a broad
range of traffic models of both continuous-time and discrete-
time models. In the following, we give results related to some
specific traffic models which are frequently employed in the lit-
erature. Let us first examine the results for BMAP and D-BMAP
in the following corollary.

Corollary 1: For the BMAP (D-BMAP) input, the resultant
traffic on each routing path through a probabilistic routing algo-
rithm is again a BMAP (D-BMAP).

Proof: Relating the function to the -transform of
rate matrices of the BMAP (or the probability
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Fig. 2. Departure process and split traffic under a probabilistic routing
algorithm with queueing.

matrices of the D-BMAP), one can easily prove the corollary
using Theorem 1.

The above corollary just gives the qualitative description on
split traffic. As for the quantitative description on split traffic, it
is depicted in the following corollaries (Their proofs are omitted
and left for readers.).

Corollary 2: If the input BMAP (D-BMAP) is characterized
by rate (probability) matrices and the corre-
sponding routing probability for routing path is , then the
resultant BMAP (D-BMAP) on routing path is described by
rate (probability) matrices ,

.
Corollary 3: Letting the input MAP (D-MAP) be character-

ized by rate (probability) matrices and and be the
corresponding routing probability for routing path , then the
resultant MAP (D-MAP) on routing path can be described
by rate (probability) matrices and

.
Corollary 4: If we narrow an MAP to an MMPP described

by an infinitesimal generator matrix and a rate matrix , then
the resultant MMPP on routing path can be described by an
MMPP using the same infinitesimal generator matrix and a
rate matrix , where is the corresponding routing proba-
bility. This result has been acquired by Ferng and Peng in [6].

Remark 1: From Corollaries 2–4, we show clearly that the
split traffic is related to its corresponding routing probability
only under the probabilistic routing algorithm.

Remark 2: The above results are concerned with an input
without queueing and a probabilistic routing algorithm. If a fi-
nite input–output buffer is taken into consideration, then the
problem to get split traffic can be virtually divided into two
sub-problems (see Fig. 2). The first one is how to determine the

departure process of the packet stream at the output of the buffer
and the second one turns to be finding the split traffic of the de-
parture process. In the literature, Ferng and Chang [4], [5] have
dealt with the former sub-problem. Applying the results in [4]
or [5], the split traffic with buffering/queueing can be obtained
by first getting the departure process and then figuring out the
split traffic for the departure process (without queueing) based
on the results obtained in this letter if the departure process can
be modeled/approximated by the traffic class defined by (1).

IV. CONCLUSIONS

Having characterized the split traffic on each routing path for
a general input traffic class under a probabilistic routing algo-
rithm, the resultant traffic can be proven to preserve the struc-
ture of the traffic class with properly modified traffic parameters.
The general traffic class includes not only simple processes, e.g.,
Poisson process but also sophisticated processes, e.g., MMPP,
MMBP, BMAP, and D-BMAP etc. as its special cases. There-
fore, the obtained results possess a broad range of applications.

Since accompanying the result obtained in this letter with
nodal performance analysis as well as the characterization of
departure processes enables one to get a systematic method to
evaluate networks with probabilistic routing, modeling of split
traffic can definitely facilitate network-wise performance evalu-
ation as outlined in [6] where external MMPPs are used for the
considered network.
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