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Abstract. A unified approach is applied to analyze the departure processes of finite/infinite BMAP/G/1
queueing systems for both vacationless and vacation arrangements via characterizing the moments, the
z-transform of the scaled autocovariance function of interdeparture times CP (z), and lag n (n � 1) co-
variance of interdeparture times. From a structural point of view, knowing departure process helps one to
understand the impact of service mechanisms on arrivals. Through numerical experiments, we investigate
and discuss how the departure statistics are affected by service and vacation distributions as well as the sys-
tem capacity. From a practical perspective, output process analysis serves to bridge the nodal performance
and connectionwise performance. Our results can be then used to facilitate connection- or networkwise
performance analysis in the current high-speed networks.
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1. Introduction

Network technology has been progressing in a very rapid pace in recent years.
Connection- or networkwise rather than nodal performance analysis is currently receiv-
ing a great deal of attention. Although Jacksonian and BCMP [9] queueing networks
have been thoroughly studied, the Poisson arrival assumption frequently employed in
the traditional teletraffic analysis is not powerful enough to capture the correlative and
bursty feature of traffic streams in the contemporary/future high-speed packet/cell-based
networks, e.g., the asynchronous transfer mode (ATM) [1,17] networks. More sophis-
ticated traffic models are desired. To address this need, the Markov-modulated Poisson
process (MMPP) [7] has been extensively used to model multimedia traffic. Lucantoni
[15] proposed a versatile batch Markovian arrival process (BMAP) which includes the
Markovian arrival process (MAP) [15,16] and the MMPP as special cases and showed
that the BMAP is essentially equivalent to the N-process, a rich class of point processes
introduced by Neuts [18]. Comparing with the N-process, Lucantoni [15] demonstrated
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that the BMAP gives neater results and more efficient algorithms. Thus, we decide to
use the BMAP as the input process in this paper.

Exact connectionwise queueing analysis involving BMAP inputs is intractable.
Therefore, an approximate approach is inevitable. Bearing the efficiency concern in
mind, one viable method is to recursively perform the nodal performance analysis to-
gether with the output process analysis. This justifies the need of the output process
analysis. Besides this practical motivation, knowing the departure process helps one to
understand the impact imposed by the service mechanisms on the arrival streams. In the
literature, Burke [3] first showed that the output of an M/M/m queue is again a Poisson
process. Later Takács [21] derived the Laplace–Stieltjes transform (LST) of the inter-
departure time distribution of the stationary M/G/1 queue. Daley [4] wrote a general
survey on the departure process of queueing systems. All the above works concentrated
on the renewal type arrival processes, specifically, the Poisson family. For non-renewal
or correlated arrivals, Saito [20] has acquired the departure process of a finite N/G/1
queue using the first passage technique [15]. Results obtained by Saito in [20] include
the mean and variance of interdeparture times of an N/G/1 queue and the CP (z) (to
be defined in a later section) and lag 1 covariance of interdeparture times of the N/D/1
queue. Recently, Yeh [22] derived the mean, variance, and lag 1 covariance of inter-
departure times for the (infinite) MAP/G/1 queue that allows server vacations to take
place. Neither [20] nor [22] has acquired the lag n (n � 2) covariance of interdeparture
times. In [23], Yeh and Chang have developed a recursive/iterative formula/method for
the lag n (n � 1) covariance of (infinite) M/G/1 type [19] queues. In this paper, we
consider a finite/infinite BMAP/G/1 queue and treat both the vacationless and vacation
service disciplines using a unified approach similar to that employed in our previous
work [6] done for discrete-time queues. The vacationless case is equivalent to the finite
N/G/1 queue employed by Saito [20]. But we obtain more comprehensive results in-
cluding the moments of any order, CP (z), and lag n (n � 1) covariance under a general
service distribution rather than restricting to the deterministic server of [20]. More-
over, we derive the results for the finite/infinite BMAP/G/1 queue with server vacations
which includes the MAP/G/1 queue with server vacations used by Yeh [22] as a special
case. In [22], Yeh derived results for an infinite queue, but we provide results for both
finite and infinite queues. Therefore, we provide results more general than Saito [20]
and Yeh [22]. Unlike [23], we provide a direct and efficient matrix representation for the
lag n (n � 1) covariance for both finite and infinite capacity queues. Hence, our results
save considerable computation time than [23].

In section 2, we first review the definition of the BMAP and present the queueing
models considered in this paper. In section 3, using the preliminaries prepared in sec-
tion 3.1, the departure process is analyzed and validated. Section 4 discusses different
perspectives of the departure statistics through numerical examples. Finally, section 5
concludes the paper.
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2. Traffic and system models

2.1. The batch Markovian arrival process (BMAP)

The definition and notation in [15] related to the BMAP are briefly reviewed here for
readers’ convenience.

Let N(t) and J (t) be the number of arrivals in (0, t] and the phase at time t , re-
spectively. Then {N(t), J (t)} forms a 2-dimensional Markov process on the state space
{(i, j) | i � 0, 1 � j � m} with an infinitesimal generator

Q∗ =


D0 D1 D2 . . .

0 D0 D1 . . .

0 0 D0 . . .
...

...
...

. . .

 , (1)

where 0 is an m × m zero matrix and Dk, k � 0, are m × m matrices in which D0

(governing the transitions that correspond to no arrival) is a stable matrix implying that
D0 is nonsingular with nonnegative off-diagonal elements, Dk, k � 1 (governing the
transitions corresponding to arrival batches of size k) are nonnegative matrices; and
their sum D = ∑∞

k=0 Dk is an irreducible infinitesimal generator of the underlying
Markov process of states. The above constructed 2-dimensional Markov process then
defines a batch arrival process, e.g., transitions from state (i, j) to state (i + k, l), k � 1,
1 � j, l � m, indicate k-batch arrivals. Now let

Pij (n, t) = Pr
{
N(t) = n, J (t) = j | N(0) = 0, J (0) = i

}
(2)

be the (i, j)th element of an m × m matrix P (n, t). It is shown in [15] that the ma-
trix generating function P ∗(z, t) of P (n, t), i.e., P ∗(z, t) = ∑∞

n=0 P (n, t)zn, has the
following form

P ∗(z, t) = eD(z)t , (3)

where D(z) is the matrix generating function of Dk, i.e., D(z) = ∑∞
k=0 Dkz

k.
As mentioned earlier, the BMAP contains many familiar arrival processes such as

MAP, MMPP, and PH -renewal processes as special cases.

2.2. System model

We first consider a first-in-first-out (FIFO) single server queue receiving a BMAP. The
system capacity is assumed to be K (K � 1), i.e., the buffer size is K − 1. A customer
finding that system size equals K (or queue length K − 1) on its arrival gets rejected.
Since batch arrivals are considered, the partial batch acceptance policy is adopted in this
paper when the buffer overflows due to a batch arrival. The service times of different
customers are assumed to be independent and identically distributed (i.i.d.). Let H̃ (x), h̄,
and H(s) represent the cumulative distribution function (c.d.f.) of the service time,
the mean service time, and the corresponding LST, respectively. The model described
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above is a vacationless BMAP/G/1/K queue. In the literature, the ·/G/1/K queues are
frequently used to model an ATM multiplexer or an output port of an ATM switch [13].
Note that the case of K = ∞ is the case of infinite BMAP/G/1.

Taking server vacations into consideration creates another class of queueing sys-
tems. The vacation models have found many applications in communication networks.
For example, they can be applied to assess the performance of the media access control
(MAC) protocols in the token rings and satellite networks [2]; as suggested by Lucantoni
[16], they may be employed as an effective method to solve queueing systems with mul-
ticlass arrivals of different priorities. Other examples can be found in [5] which gives
an excellent survey on vacation models. In this paper, we concentrate on the exhaustive
service with multiple vacations, i.e., a vacation begins when the system becomes idle
and the server may take a repeated number of vacations if on its return from a vacation
an empty system is seen again. We assume that vacation periods are i.i.d. and follow the
c.d.f. Ṽ (x) with finite mean v̄ and the corresponding LST V (s).

3. Departure process analysis

3.1. Preliminaries

Let {τn: n � 0} denote the successive departure epochs with τ0 ≡ 0 and further define
Xn and Jn to be the queue length and the state of the arrival process at time τ+

n . Then it
can be easily seen that {(Xn, Jn, τn+1 − τn): n � 0} (for both vacationless and vacation
BMAP/G/1/K queues) forms a semi-Markov sequence at the departure epochs with
state-space {0, 1, . . . , K − 1} × {1, . . . , m} and the state transition probability matrix

Q̃(x) =


B̃0(x) B̃1(x) . . . B̃K−2(x)

∑∞
n=K−1 B̃n(x)

Ã0(x) Ã1(x) . . . ÃK−2(x)
∑∞

n=K−1 Ãn(x)

0 Ã0(x) . . . ÃK−3(x)
∑∞

n=K−2 Ãn(x)
...

...
. . .

...
...

0 0 . . . Ã0(x)
∑∞

n=1 Ãn(x)

 , k � 1, (4)

where Ãn(x) and B̃n(x), n � 0, x � 0, are defined as follows:[
Ãn(x)

]
ij

= Pr{given a departure at time 0, which left at least one customer in
the system and the arrival process in state i, the next departure
occurs no later than time x with the arrival process in state j ,
and during that service there were n customers},[

B̃n(x)
]
ij

= Pr{given a departure at time 0, which left an empty system and
the arrival process in state i, the next departure occurs no later
than time x with the arrival process in state j , and in the mean
time there were n + 1 customers}.

where [·]ij is used to represent the (i, j)th element of the corresponding matrix. For a
vacationless BMAP/G/1/K queue, B̃n(x), n � 0, only depend on the arrival process
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and Ãn(x), n � 0 (see a later section). But for a vacation permissible queue, B̃n(x),
n � 0, further depend on the vacation periods. Therefore, we need to define the follow-
ing additional conditional probabilities:[

Ṽ n(x)
]
ij

= Pr{given that a vacation began at time 0, with the arrival process in
state i, the vacation ends no later than time x with the arrival process
in state j , and during the vacation period there were n customers}.

According to the definition of P (n, t), it is clear that

Ãn(x)=
∫ x

0
P (n, t) dH̃ (t), (5)

Ṽ n(x)=
∫ x

0
P (n, t) dṼ (t). (6)

Let An(s), Bn(s), V n(s), and Q(s) represent the matrix transforms of Ãn(·), B̃n(·),
Ṽ n(·), and Q̃(·), respectively, i.e.,

An(s) =
∫ ∞

0
e−sx dÃn(x), Bn(s) =

∫ ∞

0
e−sx dB̃n(x),

V n(s) =
∫ ∞

0
e−sx dṼ n(x), and Q(s) =

∫ ∞

0
e−sx dQ̃(x).

Also let

A(z, s) =
∞∑
n=0

An(s)z
n, B(z, s) =

∞∑
n=0

Bn(s)z
n, and V (z, s) =

∞∑
n=0

V n(s)z
n.

For convenience, we set A(s) = A(1, s), B(s) = B(1, s), and V (s) = V (1, s). Apply-
ing the LST to (4) yields

Q(s) =


B0(s) B1(s) . . . BK−2(s)

∑∞
n=K−1 Bn(s)

A0(s) A1(s) . . . AK−2(s)
∑∞

n=K−1 An(s)

0 A0(s) . . . AK−3(s)
∑∞

n=K−2 An(s)
...

...
. . .

...
...

0 0 . . . A0(s)
∑∞

n=1 An(s)

 . (7)

In the following, we set Ai = Ai (0), B i = Bi (0), V i = V i (0), and Q = Q(0) for
notational simplicity. The stationary vector x of the Markov chain Q represents the
joint probability of the stationary queue length and the state of the arrival process. The
vector x can be solved via xQ = x and xê = 1 where ê is an mK × 1 column vector
of all ones and can be partitioned into the form x = (x0, x1, . . . , xK−1) where xi =
(xi,1, . . . , xi,j , . . . , xi,m) with xi,j = Pr{there are i customers in the system right behind
a departure epoch, and the state of the arrival process is in state j}. Grassmann et al. [8]
proposed the (block) GTH algorithm using state-reduction technique [10] to obtain x for
the case of finite K. For K = ∞, x can be solved using algorithms provided in [15,16]
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([15] for vacationless while [16]1 for vacation queues). In the following lemma, we give
several useful identities.

Lemma 1. The matrices Ãn(x), A(s), Ṽ n(x), and V (s) satisfy the following identities

∞∑
n=0

Ãn(x)e = H̃ (x)e, (8)

A(s)e =H(s)e, (9)
∞∑
n=0

Ṽ n(x)e = Ṽ (x)e, (10)

V (s)e =V (s)e, (11)

where e is an m × 1 column vector of all ones.

Proof. Using (5), (6), and
∑∞

n=0 P (n, t)e = e from the law of total probability, one
can easily prove the lemma. �

Define D̃[n](x1, x2, . . . , xn) and D[n](s1, s2, . . . , sn) to be the joint distribution of n
successive interdeparture times TD,i (1 � i � n) and the corresponding n-dimensional
LST, respectively. And let D[1](si) = D[n](0, . . . , si , . . . , 0) represent the LST of the
marginal c.d.f. D̃[1](xi) = D̃[n](∞, . . . , xi, . . . ,∞) of the interdeparture time. Follow-
ing the philosophy similar to our previous work [6], we derive the departure process of
BMAP/G/1(/K) queues with or without server vacations.

Utilizing the Markovian property of Q̃(·) makes

D̃[n](x1, x2, . . . , xn)= xQ̃(x1) ∗ Q̃(x2) ∗ · · · ∗ Q̃(xn)ê, (12)

D[n](s1, s2, . . . , sn)= x

n∏
i=1

Q(sn−i+1)ê, (13)

where the operator ∗ denotes the matrix convolution and
∏

follows the left multiplica-
tion here and in the sequel, that is,

∏n
i=1 Q(si) = Q(sn) · · · Q(s1). Using (13), applying

xQ = x together with Qê = ê, and utilizing lemma 1, one obtain

D[1](s) = (1 − x0e)H(s) + x0B(s)e. (14)

Differentiating (13) with respect to s1 and sn, and setting sj = 0 (1 � j � n) further
obtain

E{TD,1TD,n} = ∂2

∂s1∂sn
D[n](s1, . . . , sn)

∣∣
sj=0,1�j�n

= xQ(1)Qn−2Q(1)ê (15)

1 Lucantoni et al. [16] provides results only for an MAP/G/1 queue; but the results can be easily extended
to a BMAP/G/1 queue.
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which yields

Cov(TD,1, TD,n) = xQ(1)Qn−2Q(1)ê − [
xQ(1)ê

]2
, n � 2, (16)

where Q(k) ≡ (dk/dsk)Q(s)|s=0. From (7) and lemma 1,

Q(k)ê = [[
B(k)e

]T
H(k)(0)eT . . . H (k)(0)eT

]T
, (17)

where B(k) ≡ (dk/dsk)B(s)|s=0, H(k)(0) ≡ (dk/dsk)H(s)|s=0 and T represents the ma-

trix transpose. Now define cn
�= Cov(TD,i, TD,i+n), n � 0, to be the lag n covariance of

TD,i and TD,i+n or the autocovariance function (sequence) of interdeparture times. Then

c0 =E
{
T 2
D,i

} − E2{TD,i} = xQ(2)ê − [
xQ(1)ê

]2
, (18)

cn = xQ(1)Qn−1Q(1)ê − [
xQ(1)ê

]2
, n � 1. (19)

Further define CP (z), the z-transform of the autocovariance function of interdeparture
times scaled by E2{TD,i}, as follows:

CP (z)
�=

∑∞
n=0 cnz

n

E2{TD,i} . (20)

Using (18)–(20), we obtain

CP (z) = xQ(2)ê + zxQ(1)[I − zQ]−1Q(1)ê

[xQ(1)ê]2
− (1 − z)−1. (21)

Note that CP (z) is the squared coefficient of variation for the renewal processes since
cn = 0 for n � 1. In particular, CP (z) = 1 for the Poisson process. Therefore, CP (z)

can be seen as an index to indicate the burstiness of a traffic stream [20].

3.2. Departure process of a vacationless queue

For a closer examination of the departure process, we must find B(z, s). In [15], Lucan-
toni has provided the following results (theorem 1 and corollary 1.1) for the BMAP/G/1
queue. For the BMAP/G/1/K queue, these results still hold because the definition of
B̃n(x) is the same for both BMAP/G/1 and BMAP/G/1/K queues.

Theorem 1. For the vacationless BMAP/G/1 and BMAP/G/1/K queues, we have

B(z, s) = z−1(sI − D0)
−1

[
D(z) − D0

]
A(z, s). (22)

Corollary 1.1. The matrices Bn(s), n � 0, satisfy

Bn(s) = (sI − D0)
−1

n∑
j=0

Dj+1An−j (s). (23)
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Corollary 1.2.

B(s)e = H(s)e − sH(s)(sI − D0)
−1e. (24)

We omit the proof of corollary 1.2, but note that De = 0 must be employed in the
proof where 0 represents an m × 1 column vector of all zeros.

Let us first derive the nth moment of the interdeparture time. From (14) and (24),
we obtain the LST of the interdeparture time as follows:

D[1](s) = H(s) − sH(s)x0(sI − D0)
−1e. (25)

Directly differentiate (25) n times, set s = 0, and multiply by (−1)n to obtain

E
{
T n
D,i

} = (−1)n
{
H(n)(0) +

n∑
j=0

(
n

j

)
H(j)(0)x0

dn−j

dsn−j

[−s(sI − D0)
−1

]∣∣
s=0 e

}

= (−1)n
[
n−1∑
j=0

n!
j !H

(j)(0)x0D
−(n−j)

0 e

]
+ (−1)nH (n)(0). (26)

(26) gives the moments of the interdeparture time of any order. In particular, the first
three moments are given by

E
{
TD,i

} = h̄ − x0D
−1
0 e, (27)

E
{
T 2
D,i

} =H(2)(0) − 2h̄x0D
−1
0 e + 2x0D

−2
0 e, (28)

E
{
T 3
D,i

} = −H(3)(0) − 3H(2)(0)x0D
−1
0 e + 6h̄x0D

−2
0 e − 6x0D

−3
0 e. (29)

Although (26)–(29) are derived based on the finite capacity assumption, they are still
valid for infinite queues because the capacity condition is implicitly imposed on xi

(i � 0) only. From [15], we have x0 = −(1 − ρ)gD0/λ̄ for an infinite queue which
yields −x0D

−1
0 e = 1/λ̄ − h̄, where λ̄ represents the effective arrival rate, ρ = λ̄h̄, and

ge = 1. Then (27) reduces to E{TD,i} = 1/λ̄ that can also be deduced from the flow
conservation. Using (27) and (28), c0 is obtained as follows:

c0 = H(2)(0) − h̄2 + 2x0D
−2
0 e − [

x0D
−1
0 e

]2
. (30)

Next, we derive the lag n (n � 1) covariance. From (24), we have

B(k)e = H(k)(0)e +
k−1∑
j=0

k!
j !H

(j)(0)D−(k−j)

0 e. (31)

Using (17) and (31), we obtain

Q(1)ê = [−h̄eT + (
D−1

0 e
)T −h̄eT . . . −h̄eT]T

= −h̄ê + [(
D−1

0 e
)T

0T . . . 0T]T
(32)
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which makes (19) become

cn = xQ(1)Qn−1[(D−1
0 e

)T
0T . . . 0T]T + h̄x0D

−1
0 e − [

x0D
−1
0 e

]2
, n � 1.

(33)

The structure of Q allows one to further simplify (33) as follows:

cn =



(x0, . . . , xn)
[
Q(1)]n+1,n

n−1∏
i=1

[Q]i+1,iD−1
0 e + h̄x0D

−1
0 e − [

x0D
−1
0 e

]2
,

1 � n � K − 1,

xQ(1)Qn−K

K−1∏
i=1

[Q]i+1,iD−1
0 e + h̄x0D

−1
0 e − [

x0D
−1
0 e

]2
, n � K,

(34)

where [·]i,j stands for the submatrix comprising of blocks (s, t), 1 � s � i, 1 � t � j

(here a block is an m × m matrix with m denoting the number of states). For an infinite
queue, i.e., K = ∞, cn (n � 1) are given by

cn = (x0, . . . , xn)
[
Q(1)]n+1,n

n−1∏
i=1

[Q]i+1,iD−1
0 e + h̄x0D

−1
0 e − [

x0D
−1
0 e

]2
. (35)

(34) or (35) gives a neater matrix-form representation and a more direct and efficient
method of calculating cn, n � 1 (rather than a recursive/iterative method in [23]). For
example,

c2 = (x0, x1, x2)


B

(1)
0 B

(1)
1

A
(1)
0 A

(1)
1

O A
(1)
0


[

B0

A0

]
D−1

0 e + h̄x0D
−1
0 e − [

x0D
−1
0 e

]2
, if K � 3,

c2 = (x0, x1)

[
B

(1)
0

∑∞
n=1 B(1)

n

A
(1)
0

∑∞
n=1 A(1)

n

] [
B0

A0

]
D−1

0 e + h̄x0D
−1
0 e − [

x0D
−1
0 e

]2
, if K = 2,

c2 = x0B
(1)B(0)D−1

0 e + h̄x0D
−1
0 e − [

x0D
−1
0 e

]2
, if K = 1,

(36)

where A(k)
n ≡ (dk/dsk)An(s)|s=0 and B(k)

n ≡ (dk/dsk)Bn(s)|s=0. The values of A0,
A

(1)
0 , A1, and A

(1)
1 can be calculated using the formulae in appendix A (for some specific

distributions) or the algorithm in appendix B, and the values of B0, B
(1)
0 , B1, and B

(1)
1

can be obtained using corollary 1.1. Then, the lag n covariance can be calculated from
(34) (or (35)). More specifically, c1 can be written in explicit form as follows:

c1 = [
h̄x0 + x0B

(1)
0 + x1A

(1)
0

]
D−1

0 e − [
x0D

−1
0 e

]2
. (37)
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3.3. Departure process of a vacation queue

Again, let us first find B(z, s).

Theorem 2. For vacation BMAP/G/1 and BMAP/G/1/K queues, we have

B(z, s) = z−1[I − V 0(s)
]−1[

V (z, s) − V 0(s)
]
A(z, s). (38)

Proof. Using arguments analogous to [16], one can prove the theorem. �

Corollary 2.1. The matrices Bn(s), n � 0, satisfy

Bn(s) =
n∑

j=0

V 0
j (s)An−j (s), (39)

where V 0
j (s) = [I − V 0(s)]−1V j+1(s).

Proof. By equating the corresponding powers of z in theorem 2. �

Note that the results in theorem 2 and corollary 2.1 when narrowing BMAP to
MAP are identical to those obtained by Lucantoni et al. in [16].

Corollary 2.2.

B(s)e = H(s)
{[
V (s) − 1

][
I − V 0(s)

]−1 + I
}
e. (40)

Similar to corollary 1.2, the proof is omitted.
From (14) and (40), we obtain the LST of the interdeparture time as follows:

D[1](s) = H(s)
{
1 + (

V (s) − 1
)
x0

[
I − V 0(s)

]−1
e
}
. (41)

Directly differentiate (41) n times, set s = 0, and multiply by (−1)n to yield

E
{
T n
D,i

} = (−1)n
{
H(n)(0) +

n∑
i=1

n−i∑
j=0

n!
(n − i − j)!i!j !V

(i)(0)

× H(j)(0)x0
dn−i−j

dsn−i−j

[
I − V 0(s)

]−1∣∣
s=0e

}
. (42)

Applying (42), we obtain the first three moments as follows:

E
{
TD,i

} = h̄ + v̄x0[I − V 0]−1e, (43)

E
{
T 2
D,i

} =H(2)(0) + (
2h̄v̄ + V (2)(0)

)
x0[I − V 0]−1e

− 2v̄x0[I − V 0]−1V
(1)
0 [I − V 0]−1e, (44)
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E
{
T 3
D,i

} = −H(3)(0) + [
3h̄V (2)(0) + 3v̄H (2)(0) − V (3)(0)

]
x0[I − V 0]−1e

− 3
[
2h̄v̄ + V (2)(0)

]
x0[I − V 0]−1V

(1)
0 [I − V 0]−1e

+ 3v̄x0[I − V 0]−1
{
V

(2)
0 + 2V

(1)
0 [I − V 0]−1V

(1)
0

}[I − V 0]−1e, (45)

where V 0 ≡ V 0(0), V
(i)

0 ≡ (di/dsi)V 0(s)|s=0, and V (i)(0) ≡ (di/dsi)V (s)|s=0. The
values of V 0, V

(1)
0 , and V

(2)
0 can be obtained using the formulae in appendix A (for

some specific distributions) or the algorithm in appendix B. Since the differentiation
of [I − V 0(s)]−1 is more involved, we present here the first three moments only. The
higher moments can still be obtained through laborious manipulations using (42). Again,
(42)–(45) are also valid for the infinite queues for reasons given earlier in section 3.2.
Note that x0[I −V 0]−1e = (1−ρ)/(λ̄v̄) for an infinite queue (This can be derived using
arguments analogous to those in [16].) Then we obtain v̄x0[I −V 0]−1e = 1/λ̄−h̄ which
makes (43) reduce to E{TD,i} = 1/λ̄ that complies with the flow conservation. Applying
(43) and (44), we obtain

c0 =H(2)(0) − h̄2 − 2v̄x0[I − V 0]−1V
(1)
0 [I − V 0]−1e

+ V (2)(0)x0[I − V 0]−1e − {
v̄x0[I − V 0]−1e

}2
. (46)

From (40), we obtain

B(k)e =H(k)(0)e +
k∑

i=1

k−i∑
j=0

k!
(k − i − j)!i!j !V

(i)(0)H (j)(0)

× dk−i−j

dsk−i−j

[
I − V 0(s)

]−1∣∣
s=0e. (47)

Apply (17) and (47) to yield

Q(1)ê = [−h̄eT − (
v̄[I − V 0]−1e

)T −h̄eT . . . −h̄eT]T

= −h̄ê + [(−v̄[I − V 0]−1e
)T

0T . . . 0T]T
(48)

which leads (19) to become the following form after algebraic manipulations analogous
to section 3.2

cn =



−v̄(x0, . . . , xn)
[
Q(1)]n+1,n

n−1∏
i=1

[Q]i+1,i[I − V 0]−1e − h̄v̄x0[I − V 0]−1e

− [
v̄x0[I − V 0]−1e

]2
, 1 � n � K − 1,

−v̄xQ(1)Qn−K

K−1∏
i=1

[Q]i+1,i[I − V 0]−1e − h̄v̄x0[I − V 0]−1e

− [
v̄x0[I − V 0]−1e

]2
, n � K.

(49)
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For an infinite queue, cn (n � 1) are given as follows:

cn = −v̄(x0, . . . , xn)
[
Q(1)]n+1,n

n−1∏
i=1

[Q]i+1,i[I − V 0]−1e

− h̄v̄x0[I − V 0]−1e − [
v̄x0[I − V 0]−1e

]2
. (50)

Again, (49) or (50) provides a neater matrix-form representation and a more direct and
efficient method of calculating cn, n � 1. In particular, we obtain c1 in the following
explicit forms:

c1 = −v̄
[
h̄x0 + x0B

(1)
0 + x1A

(1)
0

][I − V 0]−1e − {
v̄x0[I − V 0]−1e

}2
. (51)

As mentioned earlier, the calculation of A0 and A
(1)
0 can be done using the appendices

and B0 and B
(1)
0 can be obtained using corollary 2.1.

3.4. Formulae validation

For the vacationless queues, Saito [20] has derived the departure process of a finite
N/G/1 queue which is equivalent to the BMAP/G/1 queue. For the vacation queues,
Yeh [22] has previously derived the output process of an infinite MAP/G/1 queue. Both
of them are special cases of the models considered in this paper. In the following, we
examine the correctness of our results through checking with those in [20,22].

From [15,20], one can easily find the following correspondence

D0 = R(0), (52)

Dk = −R(0)U k(0), k � 1, (53)

where R(0) and U k(0) are the symbols related to the N-process [18,20]. Replacing D0

by R(0) makes (27) and (28) the same as those in [20]. This supports the correctness
of (27) and (28), and indirectly supports (26) since (27) and (28) are derived from (26).
For further checks, let us consider the deterministic service distribution with H̃ (t) = 0
when t < h̄; and 1 otherwise. For the deterministic case, it can be easily shown that
A0(s) = e−sh̄P (0, h̄), thus A

(1)
0 = −h̄A0. Also from corollary 1.1, we have B0(s) =

(sI −D0)
−1D1A0(s) which yields B

(1)
0 = −D−2

0 D1A0 −D−1
0 D1A

(1)
0 = −D−2

0 D1A0 +
h̄D−1

0 D1A0. And note that x1A0 = x0−x0B0 from (7) and xQ = x. Using these results
together with (52) and (53), (37) now reduces to the form

c1 = x0R
−1(0)U 1(0)A0R

−1(0) − [
x0R

−1(0)e
]2

(54)

which is the same as that in [20]. This indirectly checks the correctness of (34) and (35).
We also note that (43), (44), (46) and (51) indeed reduce to those in [22] when

narrowing the BMAP to the MAP under the infinite-buffer assumption. This checks the
correctness of (42)–(45) and (49)–(51).



DEPARTURE PROCESSES OF BMAP/G/1 QUEUES 121

4. Numerical examples and discussions

In this section, we investigate the phenomena exhibited by the departure statistics of
BMAP/G/1 queues under different service and vacation distributions (e.g., determinis-
tic (D), exponential (Exp), k-stage Erlangian (Ek) [11,12], and R-stage hyperexponential
(HR) [12]) through numerical experiments. The effect of system capacity is also incor-
porated.

In the following, we use a set of two-state (i.e., m = 2) BMAPs with parameters
specified as follows:

D0 =
[
α0 β0

γ0 δ0

]
, Dj = p(1 − p)j−1

[
α1 β1

γ1 δ1

]
, j � 1, (55)

where α0 = −β0 − α1 − β1, δ0 = −γ0 − γ1 − δ1, β0 > 0, γ0 > 0, α1 � 0, β1 � 0,
γ1 � 0, δ1 � 0, and {p(1 − p)j−1, j � 1} defines the batch size distribution with mean
1/p. From (55), we have

D =
[−β0 − β1 β0 + β1

γ0 + γ1 −γ0 − γ1

]
(56)

and

D(z) = D0 + z

1 − (1 − p)z
D1, |z| < 1. (57)

Let π denote the stationary probability vector of D, i.e., πD = π , πe = 1 (here, e is a
2 × 1 column vector of ones). It can be easily shown that

π =
(

γ0 + γ1

β0 + β1 + γ0 + γ1
,

β0 + β1

β0 + β1 + γ0 + γ1

)
. (58)

Note that the effective arrival rate λ̄ = πD
′
(1)e = πD1e/p

2. In the following examples,
we set β0 = 0.01, γ0 = 0.02, β1 = 0.02, γ1 = 0.03, α1 = rδ1, α0 = −0.03 − α1,
δ0 = −0.05 − δ1 to yield λ̄ = [(5r + 3)δ1 + 0.19]/(8p). We notice that larger value of
the ratio r(= α1/δ1) causes more fluctuation to the arrival rate.

4.1. Departure statistics of the infinite-capacity case

We first examine the departure statistics of the infinite vacationless queue. Consider
four different types of server: D, E4, Exp, and H2 with the mean service time h̄ = 1 in
which H2 is specified by two Exps with the mean service times 1/1.2 and 1/0.6 weighted
respectively by the probabilities 0.8 and 0.2. We note that c2

V = 0 for D, 0 < c2
V < 1

for E4, c2
V = 1 for Exp, and c2

V > 1 for H2, where c2
V is the squared coefficient of

variation (see the definition given in [12]). Varying ρ from 0.05 to 0.95, we obtain
the variance c0, skewness ν (ν = E{(TD,i − E{TD,i})3}/c3/2

0 is an index of measure of
symmetry [14]: ν = 0 indicates a symmetric distribution and a distribution is skewed to
the right/left if ν > 0/ν < 0), and lag 1 covariance c1 in figures 1(a)–(c) for p = 0.2,
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Figure 1. Departure statistics vs. traffic load of a infinite vacationless BMAP/G/1 queue for four different
types of server: D, E4, Exp, and H2 with h̄ = 1 under p = 0.2, 0.5 and 0.8 with r = 2: (a) variance c0,

(b) skewness ν, (c) lag 1 covariance c1.
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0.5 and 0.8, respectively, under r = 2. Before contemplating on the numerical results,
let us first relate the following parameters to their physical meanings:

• c2
V : larger c2

V of service or vacation distribution induces more variation and random-
ness which in turn reduces correlation between interdeparture times.

• ρ: for a fixed service time, larger ρ, i.e., smaller interarrival times, results in smaller
absolute values of moments and lag n covariance; here we call this phenomenon the
“scaling effect”.

• p: since the mean burst size equals the reciprocal of p, smaller p causes more bursti-
ness; thus more variation and higher correlation between interdeparture times.

• r: this parameter is the ratio α1/δ1 and has contribution to burstiness.

• v̄: larger value of v̄ causes TD,i to deviate more profoundly from its mean and induces
larger or more negative terms when calculating c1 in order to maintain a constant level
of TD,i (this will be explained later).

The above correspondence helps to understand the phenomena exhibited by the de-
parture statistics under the influence of these parameters. We summarize the followings
from figures 1(a)–(c): First, due to less burstiness, larger value of p yields smaller c0, ν,
and c1 under the same type of server. Second, under a fixed p, larger c2

V of a service dis-
tribution produces larger c0 since more variation and randomness arise in interdeparture
time TD,i . Conversely, larger c2

V of a service distribution makes c1 smaller because the
raised randomness reduces correlation. A similar phenomenon is observed for ν except
crossovers occur for Exp and H2 at (extremely) high traffic load. Third, as traffic load
increases, c0 monotonically decreases due to the scaling effect. For c1, the scaling effect
dominates except at very light traffic load in which different values of p may disrupt the
trends, e.g., a peak for c1 under p = 0.5. Since E{(TD,i − E{TD,i})3} and c

3/2
0 possess

a similar trend as traffic load goes up, ν = E{(TD,i − E{TD,i})3}/c3/2
0 is somewhat un-

predictable. But we observe that ν for a D server has a monotonically increasing trend
regardless of the value of p. Note that the observed skewness ν is positive which implies
the interdeparture time distribution is skewed to the right. Shown in figures 2(a)–(c) are
the above three departure statistics v.s. traffic load for a fixed p = 0.5 and three differ-
ent values of r = 2, 4 and 8, respectively. Similar phenomena are observed, but larger r
(more fluctuation or more burstiness in the arrival rate) causes larger c0, ν, and c1 under
the same type of server (except at extremely low traffic load, where c1 has crossovers to
yield reverse results).

Next, we explore the phenomena exhibited by the departure statistics of the infinite
and vacation BMAP/G/1 queue under four different vacation distributions: D, E4, Exp,
and H2. Here H2 is specified by two Exps with the mean vacation periods v̄/1.2 and
v̄/0.6 weighted respectively by the probabilities 0.8 and 0.2. Under p = 0.5, r = 2,
and v̄ = 1, 10 and 40, we obtain figures 3(a)–(c) for a D server with h̄ = 1 and fig-
ures 4(a)–(c) for an H2 server with h̄ = 1 (the H2 server is specified the same as that in
the vacationless case). Based on figures 3(a)–(c), we first notice that c0 under the same
type of vacation distribution increases as v̄ increases while c1 decreases (even decreases
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Figure 2. Departure statistics vs. traffic load of a infinite vacationless BMAP/G/1 queue for four different
types of server: D, E4, Exp, and H2 with h̄ = 1 under r = 2, 4 and 8 with p = 0.5: (a) variance c0,

(b) skewness ν, (c) lag 1 covariance c1.



DEPARTURE PROCESSES OF BMAP/G/1 QUEUES 125

Figure 3. Departure statistics vs. traffic load of a infinite vacation BMAP/D/1 queue for four different
types of vacation distribution: D, E4, Exp, and H2 with h̄ = 1, v̄ = 1, 10 and 40 under r = 2 and p = 0.5:

(a) variance c0, (b) skewness ν, (c) lag 1 covariance c1.
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Figure 4. Departure statistics vs. traffic load of a infinite vacation BMAP/H2/1 queue for four different
types of vacation distribution: D, E4, Exp, and H2 with h̄ = 1, v̄ = 1, 10 and 40 under r = 2 and p = 0.5:

(a) variance c0, (b) skewness ν, (c) lag 1 covariance c1.
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to negative values) when v̄ becomes high. We now explain this phenomenon. The va-
cation policy causes interdeparture time TD,i to deviate more profoundly from its mean
(i.e., E{TD,i}) when v̄ gets larger. Therefore, c0 increases when v̄ goes up. We further
note that for a fixed arrival rate λ̄, E{TD,i} is a constant (which is the reciprocal of λ̄) and
is independent of the vacation policy. Then, TD,i’s deviate bidirectionally with respect to
the mean in order to maintain a constant level of E{TD,i}. Thus, larger (or more) negative
terms arise when calculating c1 and cause c1 to decrease (even to negative values) as v̄
gets large. The skewness ν increases as v̄ gets larger for all vacation distributions except
the deterministic vacation distribution. Second, for a fixed v̄, larger c2

V of a vacation
distribution induces larger c0 due to variation of the vacation distribution. This phenom-
enon is more obvious for larger v̄. Same as the vacationless case, c0 decreases when
traffic load increases. For smaller v̄ (v̄ varies from 1 to 10 in figure 3(c)), c1 is larger if
c2
V of a vacation distribution is larger. We note that a transition region in which c1 may

be positive and negative for different values of c2
V of a vacation distribution occurs (see

figure 3(c) when v̄ = 10). As v̄ further increases, crossovers occur for c1 under different
vacation distributions. This is due to that larger or more negative terms arise for c1 with
larger value of c2

V at low traffic load in which vacations occur more frequently. As traffic
load increases, the effect of c2

V takes over that of v̄. Therefore, crossovers occur for c1

with different values of c2
V under a larger value of v̄. Under a larger value of v̄, larger c2

V

of a vacation distribution also induces larger skewness ν due to explicit vacation effect
while the effect of c2

V is insensitive for a smaller v̄, say, v̄ = 1. Using the parameters of
figure 3 (except that D server is replaced by H2), figure 4 is obtained. It reveals that c0,
and c1 are insensitive to service distributions, but ν is not. Although the effect of v̄ and
c2
V remains the same as that in figure 3, ν may first go up then down rather than continue

to go up as traffic load increases since an H2 server is employed.

4.2. Departure statistics of the finite-capacity case

The effect of system capacity is investigated in figure 5 for vacationless queues while
in figures 6 and 7 for vacation queues under r = 2, p = 0.5, h̄ = 1, and ρ = 0.8.
For four different types of server (H2 is specified analogously to those examples in sec-
tion 4.1), the mean , variance, skewness, and lag 1 covariance of interdeparture times
are obtained in figures 5(a)–(d). These figures show the followings. First, as the system
capacity increases, E{TD,i} and c0 monotonically decrease since smaller capacity results
in more extra gaps which widens the interdeparture time. Second, the extra gaps caused
by smaller system capacity result in negative terms in the calculation of c1. There-
fore, c1 first sharply increases then smoothly decreases as the system capacity increases.
Third, following the reason given in section 4.1, server with larger c2

V also possesses
larger E{TD,i} and c0 but smaller c1. Fourth, the skewness ν increases as the system
capacity increases and has a larger value for a server with smaller c2

V .
For four different vacation distributions (with v̄ taking three different values 1, 10

and 40), the departure statistics are obtained in figure 6 under the D server and figure 7
under the H2 server. From these figures, we conclude the followings. First, for a fixed
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Figure 5. Departure statistics vs. system capacity of a vacationless BMAP/G/1/K queue for four different
types of server, i.e., D, E4, Exp, and H2 with h̄ = 1 under r = 2, p = 0.5, and ρ = 0.8: (a) mean E{TD,i},

(b) variance c0, (c) skewness ν, (d) lag 1 covariance c1.

value of v̄, the trends of E{TD,i} and c0 caused by various c2
V ’s of vacation distributions

are similar to those of vacationless queues (figures 5(a), (b)) as the system capacity
increases. Second, as the value of v̄ gets larger, E{TD,i} and c0 also become larger
because larger v̄ results in longer interdeparture times as well as more severe deviation
of the interdeparture time from its mean, while c1 becomes smaller because more or
larger negative terms arise in calculating c1. Third, irregular trends are observed for
skewness ν (figure 6(c)). For figure 7 in which the H2 server is employed, results similar
to figure 6 are observed.

4.3. Lag n (n � 1) covariance for both infinite- and finite-capacity cases

Long-term correlation of the arrival process may have critical impact on system perfor-
mance, e.g., loss probability. Therefore, lag n (n � 1) covariance of interdeparture times
is worth exploring. Now, the lag n covariance cn of infinite queues for both vacationless
and vacation cases is investigated in figures 8(a)–(c). The trend of cn shown in figure 8(a)
for vacationless queues is straightforward but exhibits diverse characteristics for small
lags and converges to zero for large lags in figures 8(b), (c) for vacation queues. Using
the same reason given in section 4.1 for c1, larger v̄ may cause cn to become negative.
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Figure 6. Departure statistics vs. system capacity of a vacation BMAP/D/1/K queue for four different
types of vacation distribution, i.e., D, E4, Exp, and H2 with h̄ = 1, v̄ = 1, 10 and 40 under r = 2, p = 0.5,

and ρ = 0.8: (a) mean E{TD,i}, (b) variance c0, (c) skewness ν, (d) lag 1 covariance c1.

Influence of system capacity on cn is further investigated in figures 9(a), (b) for
vacationless queues and figures 9(c), (d) for vacation queues under capacity K = 10
and 50, respectively. Figure 9(a) (ρ = 0.2) and figure 9(b) (ρ = 0.8) show that K = 10
makes c9 the smallest, while K = 50 yields monotonically decreasing trend similar to
infinite queues. The above results show that smaller system capacity (K) causes cn to
sharply decrease when 1 � n � K − 1, then continues to first go up then slightly drops,
and approaches zero for large lags finally.

Unlike cn of vacationless finite queues, cn of vacation finite queues behaves dif-
ferently. Under a small system capacity, say, K = 10, larger v̄ results in more severe
oscillation for small lags. This oscillation gradually diminishes as the lag becomes larger
(see figure 9(c) employing a D server and figure 9(d) an H2 server). For larger system
capacity, the oscillation vanishes regardless of the value of v̄.

5. Conclusions

We have analyzed the departure process of both vacationless and vacation BMAP/G/

1(/K) queues in this paper. Instead of using a recursive method (employed in [23]) to
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Figure 7. Departure statistics v.s. system capacity of a vacation BMAP/H2/1/K queue for four different
types of vacation distribution, i.e., D, E4, Exp, and H2 with h̄ = 1, v̄ = 1, 10 and 40 under r = 2, p = 0.5,

and ρ = 0.8: (a) mean E{TD,i}, (b) variance c0, (c) skewness ν, (d) lag 1 covariance c1.

obtain the lag n (n � 1) covariance, we provided a matrix-form representation to facil-
itate quick calculation of these statistics. The results obtained in this paper generalize
those in [20,22] and have potential applications in contemporary network performance
evaluation. Through numerical experiments, several interesting phenomena exhibited by
the departure statistics are also investigated.

Appendix A. Formulae of A0, A
(1)
0 , A

(2)
0 , V 0, V

(1)
0 , and V

(2)
0

From (5) and (6), A0, A
(1)
0 , A

(2)
0 , V 0, V

(1)
0 , V

(2)
0 can be obtained using the following

equations:

A0 =
∫ ∞

0
dÃ0(x), V 0 =

∫ ∞

0
dṼ 0(x),

A
(1)
0 = −

∫ ∞

0
x dÃ0(x), V

(1)
0 = −

∫ ∞

0
x dṼ 0(x),

A
(2)
0 =

∫ ∞

0
x2 dÃ0(x), V

(2)
0 =

∫ ∞

0
x2 dṼ 0(x).

(A.1)
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Figure 8. Lag n covariance of infinite queues under h̄ = 1, r = 2, and p = 0.5: (a) the vacationless case for
four different types of server, (b) the vacation case with D server (ρ = 0.8) following D and H2 vacation

distributions under v̄ = 1, 10 and 40, respectively, (c) the vacation case with H2 server (ρ = 0.8).
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Figure 9. Lag n covariance of finite queues under h̄ = 1, r = 2, and p = 0.5: (a) the vacationless case for
four different types of server with ρ = 0.2, (b) the vacationless case for four different types of server with
ρ = 0.8, (c) the vacation case with D server (ρ = 0.8) following D and H2 vacation distributions under

v̄ = 1, 10 and 40, respectively, (d) the vacation case with H2 server (ρ = 0.8).

1. Deterministic service distribution, i.e., (dH̃ (x)/dx) = δ(x − h):

A0 = exp[hD0], V 0 = exp[hD0],
A

(1)
0 = −hA0, V

(1)
0 = −hV 0,

A
(2)
0 = h2A0, V

(2)
0 = h2V 0.

(A.2)

2. k-stage Erlangian service distribution, i.e., dH̃ (x)/dx = -(x; k, µ) [11,12]:

A0 =µk[µI − D0]−k,

A
(1)
0 = −kA0[µI − D0]−1,

A
(2)
0 = k(k + 1)A0[µI − D0]−2,

V 0 =µk[µI − D0]−k,

V
(1)
0 = −kV 0[µI − D0]−1,

V
(2)
0 = k(k + 1)V 0[µI − D0]−2.

(A.3)
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3. Weighted mixture of deterministic and k-stage Erlangian distributions: the resultant
A0, A

(1)
0 , and A

(2)
0 (V 0, V

(1)
0 , and V

(2)
0 ) are the weighted sum of the individual A0,

A
(1)
0 , and A

(2)
0 (V 0, V

(1)
0 , and V

(2)
0 ).

Appendix B. Algorithm for calculating An, A(1)
n , A(2)

n , V n, V (1)
n , and V (2)

n , n � 0

Lucantoni [15] has shown that

P (n, t) =
∞∑
j=0

e−θt (θ t)
j

j ! K (j)
n , (B.1)

where θ = maxi{(−D0)ii} and {K(j)
n } is recursively defined by K

(0)
0 = I , K (0)

n = 0,
n � 1, and

K
(j+1)
0 = K

(j)

0

(
I + θ−1D0

)
, (B.2)

K (j+1)
n = θ−1

n−1∑
i=0

K
(j)

i Dn−i + K (j)
n

(
I + θ−1D0

)
(B.3)

in which I and 0 are m × m identity and zero matrices. Apply (5), (6), and (B.1) to
produce the following expressions for An, V n, A(1)

n , V (1)
n , A(2)

n , and V (2)
n :

An =
∞∑
j=0

γs,jK
(j)
n , V n =

∞∑
j=0

γv,jK
(j)
n ,

A(1)
n =

∞∑
j=0

γ
(1)
s,j K(j)

n , V (1)
n =

∞∑
j=0

γ
(1)
v,jK

(j)
n ,

A(2)
n =

∞∑
j=0

γ
(2)
s,j K(j)

n , V (2)
n =

∞∑
j=0

γ
(2)
v,jK

(j)
n ,

(B.4)

where

γs,n =
∫ ∞

0
e−θx (θx)

n

n! dH̃ (x), γ (1)
s,n = −

∫ ∞

0
e−θx θ

nxn+1

n! dH̃ (x),

γ (2)
s,n =

∫ ∞

0
e−θx θ

nxn+2

n! dH̃ (x), γv,n =
∫ ∞

0
e−θx (θx)

n

n! dṼ (x),

γ (1)
v,n = −

∫ ∞

0
e−θx θ

nxn+1

n! dṼ (x), γ (2)
v,n =

∫ ∞

0
e−θx θ

nxn+2

n! dṼ (x).

(B.5)

Note that
∑∞

n=0 γs,n = 1 and
∑∞

n=0 γv,n = 1. The representation in (B.4) together with
the recursion of (B.2) and (B.3) yield a simple and efficient algorithm to compute An,
A(1)

n , A(2)
n , V n, V (1)

n , and V (2)
n for n � 0 as follows:

Step 1: Fix a value for the index n, say, n = 2.

Step 2: Set θ = maxi{(−D0)ii} and K
(0)
0 = I , K

(0)
i = 0 for 1 � i � n.
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Step 3: For l = 0, 1, . . . , n∗ (n∗ is chosen such that
∑n∗

k=0 γs,l > 1 − ε and
∑n∗

k=0 γv,l >

1 − ε with ε � 1, say 10−8, specified for truncating the summations in (B.4)),
compute γs,l, γv,l, γ

(1)
s,l , γ (1)

v,l , γ (2)
s,l , and γ

(2)
v,l using (B.5).

Step 4: For j = 0, 1, 2, . . . , n∗, compute K
(j)

0 , . . . ,K(j)
n using (B.2) and (B.3).

Step 5: Compute An, A(1)
n , A(2)

n and V n, V (1)
n , V (2)

n using the following equations:

An =
n∗∑
j=0

γs,jK
(j)
n , V n =

n∗∑
j=0

γv,jK
(j)
n ,

A(1)
n =

n∗∑
j=0

γ
(1)
s,j K(j)

n , V (1)
n =

n∗∑
j=0

γ
(1)
v,jK

(j)
n ,

A(2)
n =

n∗∑
j=0

γ
(2)
s,j K(j)

n , V (2)
n =

n∗∑
j=0

γ
(2)
v,jK

(j)
n .

(B.6)
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